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Abstract — An analytical formula for the probability distribution ofack-market returns, derived from the Heston model
assuming a mean-reverting stochastic volatility, was mtigeproposed by Digulescu and Yakovenko in Quantitative
Finance 2002. While replicating their results, we found tsignificant weaknesses in their method to pre-process the
data, which cast a shadow over the effective goodnessaiftfie model. We propose a new method, more truly capturing
the market, and perform a Kolmogorov-Smirnov test ang dest on the resulting probability distribution. The result
raise some significant questions for large time lagg6+to 250 days — where the smoothness of the data does not require
such a complex model; nevertheless, we also provide sotigtistd evidence in favour of the Heston model for small
time lags —1 and5 days — compared with the traditional Gaussian model assgiicomstant volatility.
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1 Assessed model

Standard models of stock-market fluctuations predict a ab(@aussian) distribution for stock price log-returns [1]
However, the empirical distribution exhibits significantrfosis with a greater probability mass in its tails and mof the
distribution [2]. In Quantitative Finance 2002 ([3]), @nalescu and Yakovenko (DY) proposed an analytical formaita f
the probability density functiorp@f) of stock price log-returns, based on the Heston model [4] ge@metric Brownian
motion for the log-returns time series coupled with a ststihanean-reverting volatility. The resultimglf is claimed to
outperform the Gaussian on a large scale of time lags {, 5, 20, 40 and250 days).

1.1 Heston model and DY formula
This model starts with the usual assumption that the pFjcillows a geometric Brownian motion described by the
following stochastic differential equation
dS, = pS,dt + o, S, dw V) (1)
where p is the trend of the market,

oy is the volatility,

Wt(l) is a standard Wiener process.
Log-returns; = Logg—; and centred log-returns = r, — ut are then introduced:

dry = (u— D)t + /W sincea, = /i @
and v
oy = =Lt 4w ®)

Then, instead of having a constant volatility = o as in the Bachelier-Osborne model [5, 6], the Heston modeirass
the variance, = o7 obeys the following mean-reverting stochastic differairgguation

dvy = —y(vy — 0)dt + kn/Ord W, (4)



where @ is the long time mean af;,
~ is the relaxation rate of this mean,
k is a constant parameter called the variance noise,
th(Q) is another standard Wiener process, not necessarily awdaNitdet(l).
DY solve the forward Kolmogorov equation that governs theetevolution of the joint probability?; (x, v|v;) of having
the log-returnz and the variance for the time lagt, given the initial value); of the variance

) ) 14
EP = 75—0[(11 —0)P] + 55_x(vp)
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They introduce a Fourier transform to solve analyticallg #quation, and obtain the following expression for thebpro
bility distribution of centred log-returns, given a time lag:

[
Py(x) = _/ dpe'P=tFi(pz) ©
2r J_
with o ATt 2791 [cosh%+%sinh%] 2791 [ th+QQ_I‘2+2’YF , hﬂt] (7)
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where T' =~ + ipkp,,
p is the correlation coefficient between the two WierWS) anth(Q),
Q= /T2 + k2(p2 —ips),
v, 0, k andp are the parameters of the Heston model.
Eqn. (6), hereafter designated as the “DY formula”, is thetied result of DY'’s paper [3]. It gives the expected proba-
bility distribution of centred log-returns, given a time lag. An asymptotic analystsof P;(x) shows that it predicts a
Gaussian distribution for small values|ef, and exponential, time dependent tails for large valués|of

To confront their formula with observed log-returns, DYédke Dow-Jones Industrial Average from January 04, 1982
to December 31, 2001, and train the four parameters of thoHh@sodel,y, 6, k andy, to fit the empirical distribution
by minimising the following square-mean deviation error

E =Y |logP;(z) — logPi(x)|
x,t

for all available values of log-returns and time lags = 1, 5, 20, 40 and250 days, whereP;*(z) is the empirical prob-
ability mass andP;(z) the one predicted by the DY formula. In their results, thelytke correlation coefficienp to
zero, since (i) their trained paramepéf®i”<¢ is almost null pt*"cd ~ (), and (ii) they do not observe any significant
difference, when fitting empirical data, between takifig "< ~ 0 or p = 0. Hence, they reduce the complexity of their
formula. Minimising the deviation of the log instead of tHesalute differencéP;" () — P;(x)| forces the parameters to
fit the fat tails instead of the middle of the distribution,&vl the probability mass is very high.

A replication of their results, using the same dataset aadédme method, is shown in Figure 1. usfor different
time lags from 1 to 250 are shown each shifted upwards by arfa€tLO for clarity. Theoretically, this result is brillian
since the authors obtain an analytic expression foptifeP; (x). Furthermore, their model (plain line) seems to fit the
empirical data (dots) far better than the Gaussian (dasel, lespecially if we look at the fat tails.

But we argue that the method they use to evaluate the goodidissf their model suffers from two major drawbacks
when pre-processing the data.

1See [3] Part VI
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Figure 1: Replication of the main result of DY, where outliare trimmed and data are reused.

1.2 Pre-processing the data

Firstly, DY trimmed the log-returns time series, rejectamy value out of the boundaries presented in TalAeBy.
doing so, they remove most of the leptokurtosis of the odbdataset (the positive peakiness of gtd in the centre),
which is precisely one of the discrepancies from the Ganghiat they should try to fit.

time lag trimming boundaries

1 [—0.04 0.04]

5 [—0.08 0.08]
20 [~0.130.15]
40 [~0.170.20]
80 [~0.18 0.25]
100 [—0.20 0.28]
200 [—0.22 0.38]
250 [—0.220.44]

Table 1: Boundaries used by DY to trim the empirical log-resitime series.

We visualise in Figure 2 the effect of trimming the data: dltlee log-returns outside the boundaries, represented
here by the two horizontal lines, were trimmed. We believe Way of trimming the data is unfair, because it removes
information from the dataset. Given that the model is supgds outperform the Bachelier-Osborne model, and spgciall
to fit the kurtosis and the fat tails, removing extreme val(tleat belong to the fat tails, and produce kurtosis) is ceunt
productive. Even the normal distribution could fit the datiitejwell in these conditions [7]. To prove this, we compare

2This step is not mentioned in DY’s paper. Before applying thinming method, strange points used to appear in ourtsesTihen we contacted
the authors who informed us they had trimmed the log-rettinms series using the boundaries specified in Table 1.
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Figure 2: Boundaries used by DY to trim the log-returns, faitydreturns.

the kurtosis of trimmed and untrimmed empirical data in &bl

time |ag kuntrimmed ktrimmed

1 69.27 1.40

5 19.68 0.72
20 7.80 0.43
40 6.02 0.56
250 -0.33 -0.53

Table 2: Comparison of the kurtosis of timmed and untrimmexgbirical data.

Obviously, the kurtosis disappears when data are trimmad;hnmakes the dataset considerably smoother. Back in
1965, Fama [8] had already made similar criticism of Keriglalkperiments [9], in which the latter considered outlgrs
extreme that he just dropped them.

A second major concern is that DY use a single log-return 8arées of overlapping returns. For a given indet a
given period, let us say the Dow Jones Industrial Averaga ffanuary 04, 1982, to December 31, 2001, and a given time
lag 7, let us sayr = 5 days, the raw close price datas&isePriceis composed oh close prices, here = 5050. When
DY compute the log-returns datadetjReturnsstarting fromclosePrice they obtain the following time series:

logReturns = {r¢|t € [1, n — 7|}

wherer; = log P;jT, Vte[l, n—7l.

t
In our example, we would have

logReturns = {ri,79,....,Tn_7}
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Thus, they obtain a single datasetrof- 7 log-returns. We believe this way of computing the log-retutime series is
biased, because it “re-uses” the data. Indeed, let us agbatreecrash occurs at tim&. Then they will take into account
this specific event times exactly in their dataset in log-retufs- ., 74+ 741, ..., 7+=—1 }. Working on this time series
will definitely fatten the tails, since every shock in thegimial price time series will appear exacthtimes in the log-
returns. Hence, the resulting log-returns time series isn@ccurate representation of the market moves anymase; th
gives a decisive advantage to their model compared with tes&an, since they train their parameters to fit speciicall
the fat tails.

Finally, DY do not statistically test the goodness-of-fitleéir formula, but rather rely exclusively on plots thatiyru
look good.

2 Goodness-of-fit tests

For these reasons, we decided to keep the outliers in ousetatad to use multiple non-overlapping log-return time
series. We perform our tests on the Dow-Jones Industrialages from January 04, 1982 to December 31, 2001. From
the raw price time series, we derivelog-return time serieog Returns; (j € [1,7]) of cardinalitym = [Z], called
“paths”, instead of a single log-return time seriegReturn of cardinalityn — 7. This method sounds more reasonable
for very different reasons: firstly, when economists or éradalk about weekly returns & 5 days, holidays excluded),
they mean returns from Mondays to Mondays (for instance),raot from Monday to Monday, Tuesday to Tuesday, etc.
Secondly, this method gives a better view of the real madiate tails are not artificially fattened. And finally, this
method will enable us to assess the statistical accuratyeafstimators we will compute.

We can now perform our goodness-of-fit tests on our diffemerdels: the GaussiangrmPDF), the curve resulting from
the DY formula iraguPDP), and a Neural Networkintentionally overfitting the data, that will be used as adfenark
(nnPDF).

2.1 Kolmogorov-Smirnov Statistic

DY claim that their model fits the empirical data of the comeat dataset better than the Gaussian for any time lag. To
check this, we use the Kolmogorov-Smirnov Statistic, basethe maximal discrepancy between the expected and the
observed cumulative distributions, for any log-retutnThis statistic is suitable for testing only a simple hypastis, for
instance a Gaussian with known parameteasido, but not a composite hypothesis (a class of Gaussians, ouss{aa
with ;. ando derivated from the sample dataset being tested). Unfabnavhatever the model, we always derive the
parametersy( ando for normPDF, ~, 0, k andu for draguPDF, the weights and biases fonPDF) from the initial
dataset. By performing this test with parameters derivethfthe dataset being tested, we expect the statistic to pe lar
enough to reject the simple hypothesis, arfdrtiori the composite hypothesis ([10]). But if the value of theistat 7 is
small enough to accept the simple hypothesis, it does nom tfeéwe can accept the composite hypothesis.

Methodology - For each time lag, we compute the log-returns dataset, andiwide it into paths. For each path
and each model, we build the empirical cumulative densitcfionempCDFand the expected CDfodelCDF(norm-
CDF, draguCDFor nnCDF), and we compute the KS-statistit (see Figure 3 for an example). We present in Tables
3, 4 and 5 the rpeaﬁ and standard deviationz of Z over the different paths, and the associated p-Vailkerval
p(Z +0z) <p(Z) <p(Z —oz).

Results -Firstly, we observe an important variance, over the difiepaths, in the statisti2: the standard deviation
oz is not negligible in comparison with the meah This is an evidence that the paths are not equivalent, whigh
imates,a posteriori our sampling method. It comes from the high heterogendith® dataset, which makes our tests

SEven ifdraguPDFis supposed to fit the empirical distributicempPDF better thamormPDF, we want to compare it with the best fit possible, the
one obtained with a Neural Network. This Neural Network maests simple as possible, but should fit the main charadtsrist the empirical time
series, fat tail and kurtosis. The structure chosen wasolfeing: it is a feed-forward back-propagation networkthaa five node hidden layer and a
single node output layer. The transfer functions are resp#c tansig andpurelin, wheretansig(n) = — 1 andpurelin(n) = n. This
structure appears to be a good trade-off between the coitypéerd the goodness of fit.

4The p-value is the probability of observing the given sampkilt under the assumption that the null hypothesis (tedemodel) is true. If the
p-value is less than the level of significanegethen you reject the null hypothesis. For exampley = 0.05 and the p-value is 0.03, then you reject the
null hypothesis.

2
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Figure 3: Cumulative Density Functions for the differentdats,r = 5 days.

less robust. But any test performed on this heterogenedaseatavould suffer from the same problem. Even though this
apparent lack of consistency prevents us from drawing aoypgtand global conclusion, the knowledge of the mean and
standard deviatio& + o provides us with a fair overview of the statistic

On plots, the DY formula seems to fit the empirical cumulath&ribution better than the Gaussian. But in fact, on
average, both models are rejected for high frequencies-(ferl and5 days) at the 0.01 level of significance. Even the
Neural Network is rejected for a one day time lag. This régecof the three models may come from the fact that this test
is based on the maximum discrepancy between the empiridathentheoretical cumulative distributiorfey any . To
pass this test, a model must fit the observed data sufficieetlyeverywhere, i.e. in the tails (problem of fat tails) and
the middle (problem of high kurtosis for high frequencieisthe distribution.

We point out that even if the DY formula is rejected for a ong titme lag, the statisti¢’ is smaller than the Gaussian one
(0.109 vs 0.131), which is an indication that the model fitssdata a bit better. For other time lags, the p-value are equiv
alent: both models are systematically rejected for 5 days (0.01), sometimes rejected for 20 dayﬁf +o0z) <0.01,
butp(Z — oz) > 0.05) and never rejected for higher frequencigs$t 0.05). For medium and low frequencies, the fact
that the simple hypothesis is not rejected does not guardind the composite hypothesis can be accepted.

Conclusion - The Kolmogorov-Smirnov goodness-of-fit test rejects bbth Gaussian and the DY formula for high
frequenciesf = 1 and5 days). For medium and low frequencies, we cannot come to acfimslusion because of the
theoretical limits of this test. To continue with the invgstion, we need a more powerful statistical test that candes
even when the parameters of the model are derived from tresetabeing tested. The? statistic is suitable in those
conditions.

2.2 2 Statistic

The x? goodness-of-fit test, based on binned data, is a powerfiigtstal tool to test if an empirical sample comes
from a given distribution. Contrary to the Kolmogorov-Snuov test, it is designed to evaluate a composite hypothesis,



time lag Z+toy p-values
1 0.131 2.93e-75
5 0.081+0.020 1.75e-09 < 2.98e-06 < 9.88e-04
20 0.089+0.013 9.51e-03 < 0.036 < 0.112
40 0.104+0.020 0.038 < 0.122 < 0321
80 0.113+0.021 0.199 < 0.385 < 0.649
100 0.113+0.021 0.322 < 0.533 < 0.778
200 0.148+0.038 0.339 < 0.630 < 0.917
250 0.170+0.047 0.291 < 0.598 < 0.919
Table 3: KS-Test on the Gaussian.
time lag Z+toy p-values
1 0.109 1.2e-53
5 0.087+0.019 2.08e-10 < 3.64e-07 < 1.48e-04
20 0.089+0.014 8.75e-03 < 0.033 < 0.104
40 0.094+0.010 0.125 < 0.211 < 0.337
80 0.116+0.018 0.197 < 0.355 < 0.576
100 0.128+0.019 0.215 < 0.372 < 0.585
200 0.163+0.048 0.209 < 0.512 < 0.893
250 0.186+0.046 0.224 < 0481 < 0.816
Table 4: KS-Test on the DY formula.
time lag Z +oy p-values
1 0.106 3.27e-42
5 0.048+0.014 1.64e-03 < 0.026 < 0.204
20 0.047+0.009 0.430 < 0.615 < 0.778
40 0.071+0.059 0.153 < 0.746 < 1
80 0.075+0.061 0.729 < 0.919 < 0.995
100 0.076+0.039 0.532 < 0871 < 0.999
200 0.116+0.034 0.126 < 0.453 < 0.932
250 0.13740.041 0.190 < 0.502 < 0.904

Table 5: KS-Test on the Neural Network.




the parameters of the model can be derivated from the erapdataset tested. This test is a good trade-off between the
goodness-of-fit of a model (the better fit, the smallertRestatistic) and its complexity (the more complex, the smalle
p-value). Indeed, even if a model fits the empirical data weell, a too large complexity may penalise its p-value, so
that it can still be rejected. Finally, to be meaningfulsttést must be performed using relatively large bins, andtiaair
value of 5 expected observations per bin is regarded as anuimni

Methodology - If we perform this test with equal size bins, then the fatkstaiill be trimmed (there are less than
5 expected log-returns per bin in the tails) and will not jggpate in the value of the statistic, making the test iratav
Instead, we split the log-return axis inégual expected frequency bjreo that all of the log-returns participate in the
value of the statistic. We use an expected frequency of $étigns per bin. Unfortunately, this test cannot be perfatm
for large time lags, because of the lack of data. Indeed,Hermlow-Jones index from 1982 to 2001 for instance, we
have initially around 5000 close prices, which means thaaftme lag of 250 days, each path will have only about 20
log-returns. In those conditions, because of the critiaflle of 5 log-returns per bin, we will have at best 4 bins, \uléc
too small to perform a relevant test.

Results -We present our results of thé goodness-of-fit test in Tables 6, 7 and 8. The degree of freéslgiven by
df = noBins — 1 — m, wherem is the number of parameters of the model £ 2 for the Gaussiany = 4 in the DY
formula, andn = 11 for the Neural Networks if we count the weights and the bipsésr large time lagsjf becomes
smaller and smaller becauseBins decreases, as explained above.
Concerning the Neural Network, we cannot perform this testime lags higher than 40 days, or else the degree of
freedom decreases to zero. This is due to the relativelyigber of parameters{ = 11). With a structure even more
complicated, we could not have performed the test at alegtdor high frequencies.
First we notice that the Neural Networkig statistic is slightly smaller than the DY’s one, itself steathan the Gaus-
sian’s one, for all paths with a time lag from= 1 to 7 = 80 days. It means that the Neural Networks fits empirical
data better than the DY formula, which itself has a bettehfintthe Gaussian. But there is a price to pay, in terms of
complexity: due to too many parameters (and then a loweregegf freedom), the p-value of the Neural Networks and
DY formula are not systematically higher than the p-valuthef Gaussian. And it is precisely the p-value that is used to
accept or reject a model, not directly té statistic.
If we look at the p-value in detail, we observe that

e For7t = 1, the three models are rejected at a 0.05 level of significance

e Forr = 5, only the Neural Network is systematically accepted. Thagsin and DY formula are only accepted
in the best situationy x2) < 0.05 < p(x2 — 0y2))

e Fort = 20, the three models are accepted and the DY formula is beterttie Neural Network and the Gaussian
e ForT = 40 andr = 80, the DY formula is still accepted, but its p-value is smallean the one of the Gaussian

Conclusion - Thanks to thexy? goodness-of-fit test, we can assert that the DY formula fitpigoal data slightly
better than the Gaussian, for high and medium frequenciegertheless, both models are rejected for high frequencies
(7 = 1and5 days), at a 0.05 level of significance. In this sense, thesdtseaare consistent with the Kolmogorov-Smirnov
goodness-of-fit test.

We also observe a clear shift in the goodness-of-fit of theatsogroundr = 40 days: the probability of accepting the
Gaussian becomes larger than the probability to accept Yhioinula (and even the Neural Network) due to the lower
complexity of the Gaussian (two parameters instead of fodredeven respectively).

To put it in a nutshell, using a complex model, such as the D¥hfda or a Neural Network, is only worthwhile for
T = 1,5 and20 days. For lower frequencies (> 40 days), the Gaussian is preferable because it is simpleenGhat
for these frequencies, we had observed neither fat tailkumbosis in the empirical datasets, the Gaussian represent
best trade-off between goodness-of-fit and complexity.



time lag X2+ ox? df p-values
1 1790 1010 6.29e-11
5 255 +30 198 5.38e-05 < 4.07e-03 < 0.0931
20 61 +12 47 7.99e-03 < 0.0819 < 0.409
40 29.1 4+7.0 22 0.0295 < 0.141 < 0451
80 104 +4.6 9 0.0915 < 0.32 < 0.76
Table 6:x? Test on the Gaussian.
time lag X2 £ oy ? df p-values
1 1420 1000 1.16e-04
5 244 +26 196 332e-04 < 0.0108 < 0.133
20 48.5 +11.5 45 0.0663 < 0.333 < 0.796
40 27.3 46.1 20 0.0301 < 0.126 < 0.385
80 9.7 +4.4 7 0.049 < 0.206 < 0.624
Table 7:y? Test on the DY formula.
time lag X2+ ox? df p-values
1 2230 997 0.0839
5 232 +38 189 0.0559 < 0346 < 0.817
20 459 +11.1 38 0.0473 < 0.25 < 0.688
40 215 46.3 13 0.0057 < 0.0552 < 0.333
80 7.6 +£6.3 0 NaN < NaN < NaN

Table 8:x? Test on the Neural Network.




3 Conclusion

The DY analytical formula is quite exciting, and would valtd the Heston model, if the resulting expected distriloutio
was similar to the empirical one. Our method of pre-procestie data is different from the one suggested by Dragulesc
and Yakovenko, and, we believe, more truly captures the ebakiée find that the DY formula consistently outperforms
the Gaussian in terms of best fit (the error between the maodithee observed data), but a higher complexity is the price
to pay: the number of parameters is greater in the Heston inatiech enables the fitteddf to exhibit kurtosis and
fat tails when the empirical dataset does, but also persaitaghen it doesn’'t. Hence, in terms of goodness-of-fit (the
trade-off between best fit and complexity), the Gaussiamdgepable for low frequencied( < ¢ < 250 days), since the
empirical dataset is then quite smooth and does not exhibib&is. For medium frequencies 20 days), both models
are accepted at a .05 confidence level. Finally, for highffeegies, although it performs better than the GaussiamYhe
formula is still rejected#{ = 1 and5 days), mainly because of the extremely high kurtosis of tteeoved data.
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